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ABSTRACT  

This paper considers implementation of arithmetic operations on Z-numbers described by pairs 

of trapezoidal membership functions. Trapezoidal numbers allow good approximation for a wide 

range of fuzzy numbers and are quite frequently used in fuzzy systems. Trapezoidal 

representation of fuzzy numbers is quite effective and efficient in preserving the systems from 

the loss of information after series of operations combining fuzzy numbers. We suggest an 

operational approach to implement arithmetic operations on Z-numbers the components of 

which are trapezoidal fuzzy numbers. 

 

1. INTRODUCTION 

Trapezoidal Fuzzy Model in Representing Z-Numbers 

Z-numbers are suggested by Professor Lotfi Zadeh as reliable data structures to store the 

information at presence of various forms of uncertainty [1,2]. A variable X described by a Z-

number  has two components (A, B), the first of which specifies the constraints on the values of 

the variable and the second one is the measure of reliability of the first component. Both 

components are usually fuzzy numbers. 

There are very few researches on practical computation with Z-numbers. The paper [3] 

considers operations on discrete fuzzy numbers. In our research we consider Z-numbers ),( BA  

where A and B are fuzzy numbers with trapezoidal membership functions. 

The following trapezoidal model is suitable for representing botha trapezoidal membership 

function and a distribution function of probability measure )( dcba  : 
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When representing a normal MF, we have  (h =1): 
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For a distribution function of probability measure of random variable ),( dcbada  : 
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Trapezoidal functions can also be described by other parameter sets, when more convenient: 

),1,,,,()1,,,,( 321 AAAAAAAAA aTdcbaT   

),1,,,,()1,,,,( 321 BBBBBBBBB aTdcbaT   

,
)2(

2
,,,,

)()(

2
,,,,)(

321

321 

































ppp

pppp

pppp

pppp aT
badc

dcbaTxP  

where: 

,1 AAA ab   

,2 AAA bc   

,3 AAA cd   

,1 BBB ab   

,2 BBB bc   

,3 BBB cd   

,1 ppp ab   

,2 ppp bc   

,3 ppp cd   
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2. IMPLEMENTING AN ARITHMETIC OPERATION ON Z-NUMBERS 

YXZ *  

).,(*),(),( YYXXZZ BABABA    

The computation of the variable part ( A ) is quite easy: 

YXZ AAA *  

where * is any of  +, −, ×, /. 

For trapezoidal fuzzy numbers (approximation for “× ” and “ / ”): 

),,,,( XXXXX dcbaTA   

),,,,( YYYYY dcbaTA   

 ),,,,( ZZZZZ dcbaTA   

 ),,,,( YXYXYXYXYX ddccbbaaTAA   

 ),,,,( YXYXYXYXYX adbccbdaTAA   

 

)),,,,max(

),,,,max(

),,,,min(

),,,,(min(

YXYXYXYX

YXYXYXYX

YXYXYXYX

YXYXYXYXYX
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 .0,,,),/1,/1,/1,/1(),,,(/  YYYYYYYYXXXXYX dcbaabcdTdcbaTAA  

Let’s consider the computation of the second part ( B ). 

If the probability density functions where known, the resultant probability functions for 

arithmetic operations could have been computed using the convolutions [4]: 

For summation ( + ):  
R

.)()()( duuPuvPvP YXZ  

For subtraction ( − ):   
R

.)()()( duuPuvPvP YXZ   

For multiplication (× ): 
R

.)()/(
1

)( duuPuvP
u

vP YXZ .4 

For division ( / ): 
R

.)()()( duuPvuPuvP YXZ  

Assume the distributions X p and Y p are trapezoidal functions. Then, )(vp YXZ   can be replaced 

by the parameterized function, which can be computed numerically: 
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Then: 
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where pZ is the function defined above, subject to compatibility constraints (COG below stands 

for “Center Of Gravity”): 

XXA pCOGCOG   

YYA pCOGCOG   

Centroid for a trapezoidal function can be computed as [5]: 
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 Hence the compatibility constraint: 
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Then: 

),,,,,,( 321 pppAAAAp dcbaSa  , where S(...) is the 7-argument function found from solving the 

above equation, is a dependent variable. 
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For our case, the above formula for )( Zp  can be rewritten as: 
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subject to: 

For YXZ   (summation): 
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For YXZ   (subtraction): 
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For YXZ   (multiplication): 

  

      

















uhaTuvhaT
u

uwrtIntegrate

v

YYYYYXYXXXX

YYYXXXZ

ppppppppppp

ppppppp

,,,,,/,,,,,,
1

,

,,,,,,

*******

******

3211321

321321


 

For YXZ /  (division): 
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Then:  

 ),,,,,,,(
321 XXXXXXXX pppAAAAp dcbaSa   

).,,,,,,(
321 YYYYYYYX pppAAAAp dcbaSa   

subject to: 

 


.)()( duupuw ZAZ
  

The computation of )(w
ZB  for any given w in our case can be done using the algorithm 

described below. 

For a value w find such values of parameters  
YYYYXXXX pppppppp dcbadcba ,,,,,,,  that minimize 

the expression: 
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and 

maximize the expression: 

 
YpYpYpYp

XpXpXpXp
YYYYYYXXXXXXZ

dcba

dcba
ppppppppppppp cdbcabcdbcab

,,,

,,,,
min,,,,,   

The corresponding value for ( ) Z B w μ then would be: 

 .,,,,,)(
YYYYYYXXXXXXZZ pppppppppppppB cdbcabcdbcabw    

 

3. NOTE ON PROGRAM IMPLEMENTATION 

All of the algorithms described above are implemented using an evolutionary optimization 

method. We use the DE algorithm [6,7] with constraints as one of the best one for numerical 

optimization. 

Substitution of variables to ensure account of constraints for trapezoids (e.g. dcba  ) and 

effective DE optimization (almost the same domain of variation for all optimization variables) 

is done as follows: 

Optimization variables:  8,...,1, iti . 

1ta
Xp   
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121 tttb
Xp   

23121 tttttc
Xp   

3423121 tttttttd
Xp   

5ta
Yp   

565 tttb
Yp   

67565 tttttc
Yp   

7867565 tttttttd
Yp   

 

4. CONCLUSION 

We presented a set of algorithms that can be used to implement of arithmetic operations over 

Z-numbers. All underlying optimization is to be done by one of leading evolutionary 

optimization method, a version of DE with constraints, implemented by the author. 
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